Abstract. We study the ®rst positive eigenvalue l p 1 of the Laplacian on p-forms for oriented closed Riemannian manifolds. It is known that the inequality l holds in general. In the present paper, a Riemannian manifold is said to have the gap if the strict inequality l 1 1`l 0 1 holds. We show that any oriented closed manifold M with the ®rst Betti number b 1 M 0 whose dimension is bigger than two, admits two Riemannian metrics, the one with the gap and the other without the gap.
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Introduction.
Let MY g be an m-dimensional connected oriented closed Riemannian manifold. We denote by l MY g), we call it a metric with (resp. without) the gap.
First of all, we study which closed manifolds M admit metrics g with the gaps. While no 2-dimensional oriented closed manifold admits such a metric (cf. Proposition 2.4), we obtain the following two theorems. We know some examples of closed manifolds with b 1 M H 0 which admit metrics with the gaps, e.g., the m-dimensional tori (m 3) (cf. Theorem 0.2 in ). We conjecture that our Theorem 1.2 is valid for any m-dimensional closed manifold (m 3).
Next, we study geometric properties of Riemannian manifolds whose metrics have the gaps. In the case of Einstein manifolds with positive Ricci curvature, we obtain the following. Theorem 1.3. Let MY g be a connected oriented closed Einstein manifold with positive Ricci curvature, and IsomMY g the isometry group of MY g. Suppose that MY g has the gap.
(i) If dim IsomMY g 0, then the identity map is strongly stable as a harmonic map. (ii) If dim IsomMY g 1, then the identity map is weakly stable as a harmonic map.
The structure of the present paper is as follows: In Section 2, we give a condition for a manifold to admit a metric with the gap, using the Hodge decomposition theorem. In Section 3, we prove Theorem 1.1 by constructing a one-parameter family of metrics including metrics without the gap. In Section 4, we prove Theorem 1.2. We ®rst prove it in the case of the canonical spheres. For a general case, we do it by gluing this sphere to a given manifold. In Section 5, we prove Theorem 1.3. Furthermore, for all simply connected compact simple Lie groups and simply connected irreducible Riemannian symmetric spaces of compact type we completely determine whether or not their canonical metrics are metrics with the gaps.
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The decompositions of the eigenspaces.
Let MY g be an m-dimensional connected oriented closed Riemannian manifold. The Hodge decomposition theorem says MY g may hold. The reason why the case of 1-forms is an exception is that there exists no exact 0-form (except for the dual case p m.
Moreover since the Hodge star operator commutes the Laplacian, all the eigenvalues on p-forms and m À p-forms coincide (the Hodge duality).
For any oriented 2-dimensional manifold MY g, we have the duality l 3.1 The proof using the theorem of Anne Â and Colbois. Let M be an m-dimensional connected oriented closed manifold (m 3). We construct a one-parameter family of metrics on M as follows: We remove an m-disk D 1 from the sphere S m and glue
. Thus, we obtain the new manifold, denoted by M, which is di¨eomorphic to M and want to construct a family of metrics on M instead of M. Take a metric g 1 (resp. g 2 ) on S m (resp. M ) which is¯at in a neighborhood of the disk D 1 (resp. D 2 ). We de®ne a one-parameter family of continuous metrics g e on M such that
where r is the canonical coordinate of 0Y 1 and h is the canonical metric of the sphere S mÀ1 1 (see Figure 1 ).
Although g e is not smooth, de®ned the Laplacian h g e induced from MY g e and studied its eigenvalues. We denote by l 
Hence, by Theorem 3.1, we have
as e 3 0. Since l
1 MY g e 3 0 as e 3 0 and (3.2), we have
as e 3 0. Therefore, from (3.1) and (3.3), there is some e 0 b 0 such that
Since the eigenvalues of the Laplacian on the space of p-forms depend continuously on metrics with respect to the C 0 -topology (cf. , and [MG-93], p. 729), the strict inequality (3.4) still holds for a smooth metricg e 0 which is close to g e 0 . Hence, by Proposition 2.1, we have l Here we give an alternative proof of Theorem 1.1. We consider the family of metrics according to . We use the notation as in Subsection 3.1. Take a metric g on M such that g dr 2 l h on C 0Y 1 Â S mÀ1 . A oneparameter family of metrics g t t b 0 is de®ned on M as
Note that g t is smooth. Finally, we set g t X volMY g t À2am g t so that the volume is one. Then, as t 3 y, we see that l We ®rst construct a metric with the gap on the sphere. Note that the canonical metric on the sphere has no gap (cf. Theorem 5.7). Throughout this section, we use the notation as in Subsection 3.1.
Lemma 4.1. The sphere S m m 3 admits a metric with the gap.
Proof. First, we discuss the case of the odd dimensional sphere S 2n1 n 1. Let g t be the Berger metric on S 2n1 , that is,
where h p h is the symmetric product of the dual 1-form h of a unit Killing vector ®eld with respect to the canonical metric g. , ) veri®ed that
as t 3 0. Hence, if t is su½ciently small, g t is a metric with the gap. Next, we discuss the case of the even dimensional sphere M S 2n n 2. Then M is di¨eomorphic to S 2n . So we may construct a metric with the gap on M. We de®ne a one-parameter family of metrics h t on M such that
where g t is the Berger metric on S 2nÀ1 and and are certain positive constants to be speci®ed later. Note that h t is smooth. Moreover, we may assume that h t is invariant under the re¯ection T of M with respect to f1a2g Â S 2nÀ1 . For a su½ciently small e b 0, we can take a sequence of smooth functions fF eY i g y i1 on M such that for every i 1Y 2Y F F F Y e F eY i 1 and
where fs i g y i1 is a sequence of positive numbers satisfying that s i 3 0 as i 3 y. Furthermore, we may also assume that F eY i depends only on r on C and that F eY i is invariant under T. Then, we can de®ne a family of metrics on M by h eY iY t X F eY i h t X Now, we estimate l 1 1 MY h eY iYt from above such as (4.3). Let o t be the ®rst eigen 1-form on S 2nÀ1 Y g t . Since g t is a metric with the gap for a su½ciently small t b 0 by (4.1), o t is co-exact. We set
where j is a smooth cut-o¨function on M depending only on r such that
and that j is invariant under T. Since b 1 M b 1 S 2n 0, there is no nontrivial harmonic 1-form on MY h eY iY t . Hence, by using the min-max principle, we obtain
where we use the fact thatõ t is co-closed. Indeed, from hdF eY i Yõ t i h t 0, it follows that
We compute the right-hand side of (4.2). First, the numerator is
Since o t is a co-exact eigen 1-form on S 2nÀ1 Y g t , the ®rst term is
The second term is
On the other hand, the denominator of the right-hand side of (4.2) is
Hence, substituting the above facts for (4.2), we obtain
1a3 is independent of all the parameters Y Y tY e and i by the choice of j, we can take two positive numbers and such that
Moreover, there exists some t 0 b 0 such that for all t`t 0 ,
where n 0 1 Y h t is the ®rst eigenvalue on functions on Y h t with the Neumann condition. In fact, by Proposition 4.2 in , there exists some t 0 b 0 such that for all t`t 0 , l 0 1 S 2nÀ1 Y g t I 4n. Thus, by using the product formula for the eigenvalues, we have
Hence, substituting (4.6) for (4.3), we have
for all e and i.
On the other hand, according to Theorem III.1 in (see also Lemma 2 in [D-94] ), there exist a su½ciently small e 1 b 0 and a su½ciently large integer i 1 such that
Therefore, we obtain
Hence, h e 1 Y i 1 Y t 1 is a metric with the gap on S 2n q M. r
Proof of Theorem 1.2. Now we give a proof of Theorem 1.2. Let M be an m-dimensional connected oriented closed manifold (m 3) with b 1 M 0. We construct a metric with the gap on the manifold M in Section 3. By Lemma 4.1, we can take a metric g 1 with the gap on S m . Then 
Furthermore, from p. 193 and (4.2) in , it follows that
wherem 1 1 U r Y g 1 is the ®rst positive eigenvalue of the Laplacian on 1-forms on U r satisfying the boundary condition (III) in [AC-93], p. 191, i.e. vanishing at boundary. The spectrum under this boundary condition has no 0-eigenvalue by [A-89] . By (4.9) and (4.10), there exists an e b 0 such that
By the inclusion of the Sobolev spaces
h via the 0-extension and the assumption b 1 M 0, the min-max principle implies
Hence, h is a metric with the gap on M. r
Gap and stability of Einstein manifolds.
First of all, let us recall the de®nition of the stability of the identity map of Riemannian manifolds (see , [U-87] ). Let MY g be a connected oriented closed Riemannian manifold. Since the identity map id X MY g 3 MY g is a harmonic map, the Jacobi operator J id acting on vector ®elds can be de®ned.
Definition 5.1. The identity map is unstable (resp. weakly stable, or strongly stable) if the ®rst eigenvalue l 1 J id of J id is negative (resp. non-negative, or positive).
From now on, by the duality of vector ®elds and 1-forms with respect to g, we can regard for J id to act on the spase of 1-forms. The following lemma immediately follows. The following lemma due to ) is very crucial in our argument.
Lemma 5.3. Let MY g be a connected oriented closed Einstein manifold with positive Einstein constant . Then l HH1 1 MY g 2. Moreover, the equality holds if and only if the isometry group IsomMY g is not discrete.
Proof. We give a proof which is di¨erent from Nagano's original proof by using the results in and . From the Weitzenbo È ck formula, it follows that for any 1-form o,
On the other hand, Lemme 6.8 in showed that for any p-form o on M,
Furthermore, Lemma 2.5 in showed that the equality in (5.2) holds if and only if o is a conformal Killing. Especially, if o is a co-closed 1-form, this condition is equivalent to that o is a Killing 1-form. For a co-exact 1-form o, from (5.1) and (5.2), it follows that
Finally, the equality holds if and only if MY g has a non-trivial Killing vector ®eld, that is, dim IsomMY g 1. Finally, we determine whether or not the metrics of well-known special Einstein manifolds have the gaps.
Proposition 5.6. Let G be a simply connected compact simple Lie group and let g be the bi-invariant metric induced from the Killing form. The metric g on G has the gap if and only if l 1 GY g b 1a2, i.e. G is one of the following types: B l l 3, D l l 4, E l l 6Y 7Y 8, F 4 .
Proof. From Lemma 5.3 and 1a4, it follows that l HH1 1 GY g 1a2. On the other hand, the ®rst eigenvalues on functions are computed in Table A 
